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INTRODUCTION
INTRODUCING CfE HIGHER MATHEMATICS
THE STRUCTURE AND AIM OF THIS BOOK
There is no short-cut to passing any course at Higher level. To obtain a good pass
requires consistent, regular revision over the duration of the course. The aim of this book
is to bring together, with the aid of examples, concise coverage of the course material.
The book should be used in conjunction with your course notes and the knowledge
gained from your classes.
In addition to the Course Contents on pp. 6–7, there is a summary skills list provided
at the end of the book. This list highlights the requirements for the Higher Course
Assessment. Use this list to check your progress. You could use symbols, as shown in
the table.
an empty box

I have not learned this

• a dot

we have covered this in class

– a dash

I understand this topic, but more practice is required

+ a cross

I have revised this area and I am confident with it.

The book uses these features:
Don’t Forget boxes flag up vital pieces of information that you need to remember and
important things that you must be able to do, plus some helpful hints.
Things to Do and Think About sections contain practice questions to test your
understanding. The solutions to these tasks are available on the Bright Red Digital Zone
(www.brightredbooks.net).
Online references and tests direct you to the Bright Red Digital Zone, an online source of
examples and solutions covering the entire syllabus. The examples range in length and
complexity, and include questions in the same style and format as you will meet in your
exams. Solutions will be provided to all examples. This is a useful resource as you study
throughout the session.
Websites which can be used to extend your knowledge. In addition, www.hsn.uk.net
has summary notes, and the SQA website (www.sqa.org.uk) has information on the
examination, past papers and solutions which may be useful.
Remember to ask your teacher for more advice if you get stuck. Your teacher will be
pleased to see that you are serious about independent study and that you are taking
responsibility for your learning. If your school offers homework clubs, clinics, after-school
study or you have a tutor, keep a note of problems you have when working on your own
and take the list or set of post-notes with you to get focused, expert help.

PRIOR KNOWLEDGE
As you prepare for Higher mathematics, you need to be aware that success in this
hierarchical subject depends on your knowing many important topics from lower levels
such as National 5.

ONLINE
For a quick recap on topics
you have forgotten, head to
www.brightredbooks.net/
N5Maths

You will benefit from regular practice in algebraic manipulation and from consolidating
numerical skills. Manipulating surds and indices, negative numbers, basic fractions and the
four rules of arithmetic are frequently required in questions. Many skills such as straight
lines, vectors, completing the square and the discriminant will be revisited and extended.
You need to use correct notation and you should try to become familiar with
mathematical terminology and vocabulary. The correct use of brackets is very important,
particularly in cases where the meaning can be altered. Poor use can lead to an incorrect
solution or could make reaching a solution impossible.
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Introduction: Introducing CfE Higher Mathematics

ASSESSMENT
The Higher Mathematics course is assessed solely through an external Course Assessment.
The Course Assessment is a written examination consisting of two papers.

•
•

Paper 1 (Non-calculator) lasts 1 hour 30 minutes and has 70 marks.
Paper 2 (Calculator) lasts 1 hour 45 minutes and has 80 marks.

Both papers consist of short and extended response questions. Paper 1 usually has more
questions of a shorter nature than Paper 2. The course is graded A (bands 1 and 2), B (bands 3
and 4), C (bands 5 and 6) or D (band 7) based on how well you do in the external examination.

Exam hints
You do not need to answer the questions in order. It may be better to choose a question
that you can answer easily first, so that you settle your nerves. However, remember that
the questions should be in order of difficulty. You should look for connections between
parts of questions. These are almost always linked and, sometimes, an earlier result in
part (a) or (b) is needed and its use avoids repeating work.
Communication is important in questions where standard results and formulae are used.
It is insufficient simply to quote a result or formula: they need to be connected to the
particular question. For example, using the limit in recurrence relations, it is not sufficient
to simply quote L = 1 −b a ; it should be used in the context of the question.
You will not be told in every question to ‘show your working’, but you need to remember to
be accurate, to give detail and to illustrate your understanding in your working. However, you
should simplify expressions and try to use concise and efficient methods where possible.
Remember, the examination will contain unseen and unfamiliar questions and contexts.
Do not let this put you off. It is important to get practice in carefully reading and
interpreting problems so that you are able to apply your knowledge.

DON’T FORGET
It often helps to make use
of diagrams and include
them in your solution.
If a diagram is given in
the paper, copy it in your
answer booklet and make
suitable annotations.

REVISION TIPS
General advice

•
•
•
•
•

Don’t leave your revision until the last minute. When you are still learning new
topics, revise the ones you have already covered.
Study for periods of between 30 and 45 minutes, unless you are doing a complete paper.
Take short breaks, away from your study area, to keep your level of concentration high.
During your study leave, build treats and relaxation time into your revision timetable.
This will help you to focus and help you stick to your plan.
In the run up to the exams, Eat Well, Exercise Well and Sleep Well.

Maths-specific revision tips

•
•
•
•
•
•

The best way to revise mathematics is by doing it. There is a time for learning the
necessary formulae and rules, but there is no substitute for practice.
Once you have learned a topic or skill, try questions. Start off with straightforward
questions before progressing to examination-style ones. Test your knowledge on
topic-based questions, then progress to a mixture of past-paper questions. It is
important to recognise what to use and when, which skill to apply and where.
Use the space in the margin of this book to add your own revision reminders.
Mathematics is a subject to be practised often. If you complete one extra question
every night in addition to your normal homework, you will reap the rewards. You will
be able to ask for help the next day when the problem is fresh in your mind, and so
you will quickly build up your knowledge and confidence.
Mathematics also demands perseverance and time management – you will need to
tackle a number of questions or a whole examination paper in one sitting.
Mathematics is different from other subjects in so many ways – the good thing about
revising it is that you can be active.

The best way to revise maths is to actively do it.
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Introduction

COURSE CONTENTS
All this content will be subject to sampling in the final examination.
Pink:

Found in Algebra chapter (pp 8−35)

Yellow: Found in Calculus chapter (pp 36−57)

Green: Found in Geometry chapter (pp 58−73)
Blue:

Found in Trigonometry chapter (pp 74−91)

ALGEBRAIC AND TRIGONOMETRIC SKILLS
Manipulating algebraic expressions
♦ factorising a cubic or quartic polynomial expression

♦ simplifying a numerical expression using the laws of
logarithms and exponents

Manipulating trigonometric expressions
♦ applying the addition formulae and/or double
angle formulae

♦ converting a cos x + b sin x to k cos (x ± a) or
k sin (x ± a), k > 0

♦ applying trigonometric identities
Identifying and sketching related functions
♦ identifying a function from a graph, or sketching a
function after a transformation of the form kf(x),
f(kx), f(x) + k, f(x + k) or a combination of these
♦ sketching y = f '(x) given the graph of y = f(x)

♦ sketching the inverse of a logarithmic or an
exponential function
♦ completing the square in a quadratic expression
where the coefficient of x2 is non-unitary

Determining composite and inverse functions
♦ knowledge and use of the terms domain and range is
expected
♦ determining f −1(x) of functions

♦ determining a composite function given f(x) and g(x),
where f(x) and g(x) can be trigonometric, logarithmic,
exponential or algebraic functions

Solving algebraic equations
♦ solving a cubic or quartic polynomial equation
♦ using the discriminant to find an unknown, given the
nature of the roots of an equation
♦ solving quadratic inequalities, ax2 + bx + c ≥ 0 (or ≤ 0)
♦ solving logarithmic and exponential equations
♦ using the laws of logarithms and exponents
♦ using a straight-line graph to confirm relationships of
the form y = axb, y = abx

♦ solving equations of the following forms for a and b,
given two pairs of corresponding values of x and y:
log y = b log x + log a, y = axb and
log y = x log b + log a, y = abx
♦ mathematically modelling situations involving the
logarithmic or exponential function
♦ finding the coordinates of the point(s) of intersection
of a straight line and a curve or of two curves

Solving trigonometric equations
♦ Solving trigonometric equations in degrees or radians, including those involving the wave function or
trigonometric formulae or identities, in a given interval

GEOMETRIC SKILLS
Determining vector connections
♦ determining the resultant of vector pathways in three ♦ determining the coordinates of an internal division
dimensions
point of a line
♦ working with collinearity

♦

Working with vectors
♦ evaluating a scalar product given suitable information ♦ applying properties of the scalar product
and determining the angle between two vectors
♦ using and finding unit vectors including i, j, k as a basis

6
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Introduction: Course contents

CALCULUS SKILLS
Differentiating functions
♦ differentiating an algebraic function which is, or can be ♦ differentiating a composite function using the
simplified to, an expression in powers of x
chain rule
♦ differentiating k sin x, k cos x

♦

Using differentiation to investigate the nature and properties of functions
♦ determining the equation of a tangent to a curve at a
given point by differentiation
♦ determining where a function is strictly increasing/
decreasing

♦ sketching the graph of an algebraic function by
determining stationary points and their nature as well
as intersections with the axes and behaviour of f(x) for
large positive and negative values of x

Integrating functions
♦ integrating an algebraic function which is, or can be,
simplified to an expression of powers of x
♦ integrating functions of the form f(x) = (x + q)n, n ≠ −1
♦ integrating functions of the form f(x) = p cos x and
f(x) = p sin x

♦ integrating functions of the form f(x) = (px + q)n, n ≠ −1
♦ integrating functions of the form f(x) = p cos (qx + r)
and f(x) = p sin (qx + r)
dy
= f(x)
♦ solving differential equations of the form dx

Using integration to calculate definite integrals
♦ calculating definite integrals of functions with limits which are integers, radians, surds or fractions
Applying differential calculus
♦ determining the optimal solution for a given problem

♦ solving problems using rate of change

♦ determining the greatest/least values of a function on
a closed interval

♦

Applying integral calculus
♦ finding the area between a curve and the x-axis
♦ finding the area between a straight line and a curve or
two curves

♦ determining and using a function from a given rate of
change and initial conditions

ALGEBRAIC AND GEOMETRIC SKILLS
Applying algebraic skills to rectilinear shapes
♦ finding the equation of a line parallel to and a line
perpendicular to a given line
♦ using m = tan θ to calculate a gradient or an angle

♦ using properties of medians, altitudes and
perpendicular bisectors in problems involving the
equation of a line and intersection of lines
♦ determining whether or not two lines are perpendicular

Applying algebraic skills to circles and graphs
♦ determining and using the equation of a circle
♦ using properties of tangency in the solution of
a problem

♦ determining the intersection of circles or a line and
a circle
♦

Modelling situations using sequences
♦ determining a recurrence relation from given
information and using it to calculate a required term

♦ finding and interpreting the limit of a sequence, where
it exists

7
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1 AlgebrA

QUADRATICS: THE DISCRIMINANT
DON’T FORGET
The quadratic formula:
x=

2

−b ± b − 4ac
2a

DON’T FORGET
The nature of the roots of a
quadratic equation depends
on whether the discriminant
is positive, negative or zero.

WHAT YOU SHOULD ALREADY KNOW
To solve quadratic equations of the form ax2 + bx + c = 0, you will be familiar with using
2
the quadratic formula x = −b ± b − 4ac .
2a

At this level, the formula does not appear on the formulae list and you are expected to
remember it.
The element under the square root sign, b2 − 4ac, is the discriminant. It gives the nature
of the roots of the quadratic equation.
You also know how to find an unknown when the resulting equation is linear.
The following two examples should remind you.
Example: 1

ONLINE
Head to
www.brightredbooks.net/
N5Maths and take
the Discriminant test
to check your prior
knowledge and revise what
you should know.

What is the nature of the roots of the equation 9x2 − 24x + 16 = 0?

Solution:
Using b2 − 4ac, where a = 9, b = −24 and c = 16, we get (−24)2 − 4 × 9 × 16 = 0.
So the roots are real and equal.

Example: 2
The equation px 2 + 6x + 3 = 0 has no real roots. Find the range of values of p.

ONLINE
A short recap on how to
use the discriminant can
be found at
www.brightredbooks.net/
N5Maths

Solution:
For no real roots b2 − 4ac < 0 ⇒ 62 − 4 × p × 3 < 0
36 − 12p < 0 ⇒ 36 < 12p ⇒ 3 < p and hence p > 3.

USING THE DISCRIMINANT: NATURE OF ROOTS AND
SOLVING UNKNOWN(S) IN A NON-LINEAR EQUATION
At this level, your knowledge and skills in using the discriminant are extended.
You are expected to understand the terms rational and irrational.
You are also expected to find an unknown when the resulting equation is non-linear.
The following examples should help you understand what is required.
Example: 3
A function f is given by f(x) = 14 x 2 + 3x + 7. Describe the nature of the roots of f(x) = 0.

ONLINE
For more on irrational
numbers, follow the links at
www.brightredbooks.net

Solution:
b2 − 4ac = 32 − 4 × 14 × 7 = 2 > 0.

b2 − 4ac = −3 ± 2 = −6 ± 2 2.
x = −b ± 2a
1
2

The roots are real and distinct, but also irrational. 2 is an irrational number.

Example: 4
Find the range of the values of k such that x 2 + kx − k + 3 = 0 has real roots.

Solution:
We want b2 − 4ac ≥ 0 so k2 − 4(3 − k) ≥ 0 ⇒ k2 + 4k − 12 ≥ 0

12
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1 Algebra: Quadratics: The discriminant

ONLINE

Sketching a graph can help in solving a
quadratic inequality like this.

For more on the
discriminant, follow the link
at www.brightredbooks.net

k2 + 4k − 12 = 0 when k = −6 or k = 2
2

The parabola y = k + 4k – 12 has
positive k2 so you know the shape.

–7 –6 –5 –4 –3 –2 –1 0 1 2 3 k

2

We want k + 4k − 12 ≥ 0,
so we require k = −6 or k = 2 and the
sections of the graph above the k-axis.
For x 2 + kx − k + 3 = 0 to have real roots, k ≤ −6 or k ≥ 2.
Alternatively, choose a value of k between k = −6 and k = 2 and evaluate
k2 + 4k − 12 for this value. For example, choose k = 1, and evaluate:
k2 + 4k − 12 = (1)2 + 4(1) − 12 = −7 < 0.
This does not give k2 + 4k − 12 ≥ 0 so the range required is not between −6 and 2 but outside
it, so k ≤ −6 or k ≥ 2.

Tangents to a curve
Sometimes, it might not be so obvious that the discriminant is relevant in a question.
Example: 5
Show that the line y = 5 − 4x does not intersect the parabola y = x 2 − 6x + 7.

Solution:
At a point of intersection, the line and the parabola would have the same coordinates, so
x 2 − 6x + 7 = 5 − 4x
leading to

equating the y-coordinates

2

x − 2x + 2 = 0

a quadratic equation

For this quadratic equation the discriminant b2 − 4ac = (−2)2 − 4 × 1 × 2 = −4 < 0
As b2 − 4ac < 0, there are no real roots, and the line and the parabola do not intersect.

two points
of intersection

one point
– line is a tangent
to the curve

no points
of intersection

When the discriminant is not negative (b2 − 4ac ≥ 0), solve the quadratic (by factorising,
using the quadratic formula or completing the square) to find the point(s) of intersection.

THINGS TO DO AND THINK ABOUT

DON’T FORGET

1 Calculate the discriminant of the quadratic equation 2x2 + 5x + 6 = 0.
A −38

B −23

C 58

D 73

2

2

2 The roots of the equation kx − 5x + 3 = 0 are equal. What is the value of k?
A − 25
12

12
B − 25

C

12
25

D

25
12

2

2

3 A function f is given by f(x) = 3x − x − 6.
Which of the following describes the nature of the roots of f(x) = 0?

b2 − 4ac < 0 no real roots,
line does not meet the
parabola
b2 − 4ac = 0 equal real
roots, line is a tangent
(just touches) the parabola
b2 − 4ac > 0 two real
distinct roots, line cuts the
parabola twice

A No real roots B Equal roots C Real distinct roots D Rational distinct roots 2
4 The discriminant of a quadratic equation is 17.

ONLINE TEST

Here are two statements about this quadratic equation:
(1) the roots are real;

(2) the roots are rational.

Which of the following is true?
A Neither statement is correct.
C Only statement (2) is correct.

B Only statement (1) is correct.
D Both statements are correct.

Test yourself on quadratics
at www.brightredbooks.net

2
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3 GEOMETRY
STRAIGHT LINES 1
WHAT YOU SHOULD ALREADY KNOW ABOUT
STRAIGHT LINES
DON’T FORGET
Gradient is ‘change in y
divided by change in x’
or ‘vertical change over
horizontal change’.

Using the gradient formula
y −y

The gradient formula is m = x2 − x1
2

y

1

(x2, y2)
y2 – y 1
(x1, y1)
x2 – x1

DON’T FORGET
Avoid approximating
gradients to decimals.

x

0

Finding the midpoint
In simple cases, the midpoint can be found by
inspection.

DON’T FORGET
Midpoint formula

(x

1

+ x2
2

,

y1 + y 2
2

)

DON’T FORGET
Distance formula
d = (x2 − x1)2 + (y2 − y1)2

y

For the line PQ, the x-coordinate xM = 5, since 5 is
halfway between 2 and 8, and yM = 1, since 1 is midway
between 7 and −5. So, the midpoint M is the point (5, 1).

M?

2 + 8 7 + (–5)
, 2
2

x

0

Alternatively, using the midpoint formula,
(xM, yM) = (

P(2, 7)

) = (5, 1)

Q(8, –5)

Calculating the distance between two points
In many cases this can be done once again by
inspection, especially with a good sketch. We are just
applying Pythagoras’ theorem.
Alternatively, using the distance formula,

P(2, 7)

d =
d

12

122 + 6 2

=

180

= 36 5 = 6 5
= 13.4 to 1 d.p.

|PQ| = (8 − 2)2 + (−5 − 7)2 = 180 = 36 5 = 6 5

Using the formula y − b = m(x − a)
For PQ, the gradient is mPQ =

7 − (−5)
2−8

= −2.

6
y

Q(8, –5)
P(2, 7)

Using point P(2, 7), the equation for PQ is y − 7 = −2(x − 2).
This simplifies to y = −2x + 11
or y + 2x = 11 or y + 2x − 11 = 0.

DON’T FORGET
To find the equation of
a straight line you need
a point and a gradient.
Alternatively, two points,
which will give you the
gradient to use with one of
the points.

equation?
x

0

Quite often, you will need to use a simplified form
within a longer question, such as finding where two
lines meet.

Q(8, –5)

y = mx + c is the equation of a straight line with gradient m, and y-intercept c.
y − b = m(x − a) is the formula for finding the equation of a straight line with gradient
m, passing through the point (a, b).

contd
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3 Geometry: Straight Lines 1

Finding the point of intersection of two lines

y

P

Solve the equations of the two lines simultaneously:

y + 2x = 11
B

y + 2x = 11

3y – 2x = 1

3y − 2x = 1
4y = 12 ⇒ y = 3

A

3 + 2x = 11 ⇒ 2x = 8 ⇒ x = 4
0

x = 4, y = 3 ⇒ point of intersection is (4, 3)

GRADIENT: m = tanθ

y

=

ta
n

45
°=

1

gradient undefined
(tan 90°)

The gradient of a straight line is the tangent of the angle
the line makes with the positive direction of the x-axis.
Any convenient section of the line can be taken to find
lengths of the opposite and adjacent sides, and the ratio
opposite
tanθ = adjacent calculated.

m

horizontal line
m = tan 0° = 0

45°

x

Q

DON’T FORGET
m = 0a = 0 ⇒ a horizontal
line. y = a constant

B

DON’T FORGET

opp
A

θ

m = 0a ⇒ gradient is
undefined, a vertical line.
x = a constant

adj

θ

x

sloping up

sloping down
obtuse angle
tan θ is –ve

m =3

m = –3

p°

(180 – p°)

acute angle
tan θ is +ve

THINGS TO DO AND THINK ABOUT
1 The line GH makes an angle of
What is the gradient of GH?

π
6

ONLINE

radians with the y-axis, as shown in the diagram.

For more on straight lines,
follow the link at
www.brightredbooks.net

H

y
π
6

0
G

ONLINE

x

2

2 What is the gradient of the line shown in the diagram?

Head to
www.brightredbooks.net/
N5Maths and take the
Straight-line Problems
test to check your prior
knowledge and revise what
you should know.

y

ONLINE TEST
Want to test your
knowledge of straight lines?
Head to
www.brightredbooks.net

150°
0

x

2
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