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ADVANCED HIGHER MATHEMATI
REVISION: NOW TRY THIS ANSWVE

CHAPTER 1

Factorials and binomial coefficients — page 7

n+1 m _ (n+7) n!
(1)( 3 j_(3)_3!(n—2)!_3!(n—3)!
_ (n+t nl(n-2)
T 31(h-2)! 31(n-2)!
(n+M=nl(n-2)
31(n-2)!
_ nl(n+1)—(n-2)]
T 31(n-2)
_onmx3 nl
T 31(n-2)! 2Yn-2)!

6

2) 2 n(n=1)(n-2)(n-3) _ n(n-1)

24 2
Dividing by n(n—1) (NB n>4) gives (n—2)(n—3)=6.

@ Expanding gives n=5.

n n+1 nl
@) (n—3]+[ 3 ]:(n—3)!3!+

Also, (n+1)! = (n+1)nl and (n — 2)! = (n — 2)(n — 3)! So RHS is

(n+11
(n+1=3)13!

n! . (n+nt nl (+n+1
(n=3)31" (1-2)(n-3)131 (1=3)B1 " n-2

n! 2n-1_n'Q2n-1) _ n(n—-1(2n-1)
(n=3)131" n-2 " (n-2)13' 6 '

The binomial theorem — page 9
4 4 4
(@ +2)'=(a)" +(1) (a3)32+(2) (@)2 +(3) (@)2*+2

=3" +8a° +24a° +323° + 16.

) r term is (wj(xz)m—r (l) — (1 ijzo-sf
r X r

Requested term is 45x™
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(4) General term is [f)@x)’ (_éj " - [6)3/(_2)6—rx3r—12.

Need x° so 3r— 12 = 0 and r= 4. Constant term

6
[4]34(—2)2 = Gzﬁx81 x4 =4860.

n+1
(5) Coefficient of x” in (1+ x)™"is [ , ]

n n
RHS is (14 + (r Jx” + [r)x' +-)(1+ x) so coefficient

AN

Only use this method when asked to.

n+1 n n n+1 n n
(6) From = |+ we have = |+
( r j [r) (r—J (r+1] (r) [r+1]

(r—=r+1),

1
and n+ = n + n (r — r+2).Adding these two
r+2 r+1 r+2

results gives

n n n n+1 n+1 n+2
+2 + = + = .
[r] (r+1] [r+2j [r+1] [r+2] [r+2}
n J n-1 n
x"+x"

(7)Setx=11in (1+x)”=1+[,17]x+...+[

n-1

Partial fractions — page 11
x-2  x=-2 A B
3x2+10x+3 (Bx+10(x+3) 3x+1 x+3

x=2=Alx+3)+B3Bx+1);

x=-3=-5=-8B, B=3.

x=—l=>—21=2£A, A=—% or

3 3 3
Equating coefficients of x: A+38=1=A=1-2=-1
x-2 5 7

T3x7+10x+3 8(x+3) 8(3x+1)

1 1 A Bx+C
= :_+
X+4x  x(x*+4) x x*+4

1= A(X*+4)+Bx’+ Cx; x=0=>1=4A, A=

equating coefficients of x2 and x: 0=A+8, 0=C.
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x+3
(x+1%

3 2
(3) Dividing out, Lx-;Z =x-1+
(x+1)
x+3 A B

— - - 4 .
(x+10 x+1 (x+1?

Let

x+3=A(x+1)+B; x=-1 gives B = 2; coefficient of x gives
A=1.
X+x’+2 1 2

Hence, —————=x-1+ —_—
(x+172 x+1 (x+1)?

CHAPTER 2

Standard differentials — page 13

—tanx —tanx

+sin*x(—sec’x)e

—tanx,

(1) f/(x)=2sinxcosxe
=(sin2x —tan’x) e

£(2) = (sinz — tan*(x)) e @ = (1- 1) = 0.

(2) f/(x)=2xtan3x+x?3sec?3x
= x(2tan3x +3xsec?3x)
=xsec3x(2sin3x +3xsec3x).

B3) dy _(1+2x)e" —2e"
de (1+2x)
2x-"1e"
(1+2x)* '

dy . .
d—x=0When(2x—1)e =0,e"#0,..x=1.
(@) x=T°-907%+24007T

ﬂ—37'2—180 T +2400

ar
= 0 at stationary values.

3(T—40)(T-20)=0

i.e. T=200r 7=40
2

X _67-180

dr

= T=20is a local maximum (and 7= 40 is a local
minimum). x (20) = 20000

Check end of interval values

x(10) = 1000 — 9000 + 24000 = 16000

x(60) = 216000 — 324000 + 144000 = 36000
So the best result is when 7= 60.

Further differentiation 1 — page 15
(1) (@) f(x)=Q2+x)tan"'Vx -1

. T (1 1
f/(x)=tan"'Vx—1+(2+x) —.
(x) ( M+ \2 x—1j
2+x
=tan"'Vx -1+ :
2xvx -1
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(b) g(x) — ecotZ)c

g’(x)=—-2cosec’2xe

cot2x

(2) Differentiating wrt x: Zyd—y+ 3y+ 3xd—y =2x
dx dx
dy _2x-3y
dx  2y+3x
At P(-1,1): Q: —2-3 =5, gradient of the tangent is 5.
dx 2-3
or

If the gradient of the tangent to the curve at Pis m,
20m+3()+3(-0)(N)m=-2,i.e. -m=-5=m=5.

B xy-x=4

d
~(xy)-1=0
dx(xy)
dy
Ziy-1=0
xdx+y
@& _1-y

dx X

ﬂ:i(u)
dd*  dx\ x

Further differentiation 2 — page 17
M y=(x+0x+2)"
Iny =2In(x+1)—4In(x+2)
12 4
ydx x+1 x+2
dy 2 4
e (_1_2jy
a=2, b=-4,
(2) (@) f'(x)=3sin3xexp(—cos3x),

(b) Iny =In2"+)
Iny = (x*+x)In2

lZ—}/=(3x2+1)ln2

y ax
so Q: y(3x* +1)In2
dx
=In2(3x% + 12+
() F(x) =————4
\1-(4x)
_ 4
J1-16x?
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dx dy

2
(4)%—sec 0, %—cose
dy
d_ de
dx dx
a0
dy coso 3
=>a=m=cos 0

(5) When depth is x, radius = xtanZ = x+/3

(x3)2x=mx>

dav
Hence —=3mx
dt dt

sol/=%

dx
s0 37 xP—=2.
dt

When x =3 3n3’— dx 2:}«ﬂ

2
dt dt 27m

2
377 €M per second.

CHAPTER 3

Basic integration — page 19

(1) x=Ww-1=dx=2u-"du

de= 2(‘;3‘ L

1
J.(1+«/;)3

1 2
THedx)y 1edxC

Further integration — page 20

M1+x’=u=>2xdx=u
x=0=u=1x=1=u=2

1 x
-[0(1+x2)"dx
= 2(u—41)0,u

T 2u
T2,

= 1(u —u™)au

Hence the volume of revolution = %
(2Q)x=2sin60= dx=2cosOdo

x=0=0=0; x=+2=sin0= !

J‘ﬁ x? dx—jm 4sin’ 0
0 Ja-x? 0 \J4-4sin*0
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(2cos8)do

2% and we are given v_ 2
dt

, 0 depth increasing at

—9="

4

(2cos6)do

J-nm 4sin’ 6
2cos0

=2 jo (2sin?8)do

/4
2 jo (1-c0s20)do

/4

2[9—1sin29]
2

=T
2
Page 21
1 1 A B
= = +
D@ e oy 8 9t d) x-2 x+4

1=A(x+4)+B(x-2);

1
S e e L

1
=E[In|x—2|—ln|x+4|];

x=2=>A=1

=l IN1=In5-In2+In4
6

1
=—(In2=In5
(n2-Ins)

1,2
=—In=
6 5

@@=t X

X+x x x241

(see solutions for chapter 1)

=[], - +9];

Trne?
=[ink - 0] - _[In(k? + 1 - In2]

=Ink —InJk? +1+Iny2
kN2

=In .
kK +1

Integration by parts — page 23

(1) [10x* cos5oxcir = 10x2—5'”55x — 205 g

=2x?sin5x —4_[xsin5xdx

cos5x cos5x
+.[ dx = —1xcos5x

stinSxdxz X

1
+ 55sinbx

So j10x2 €os5x dx = 2x7 sin5x +£ xC0s5x — &sin5x + ¢

x=-4=B=-1
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X

fxtan "x*dx=|tan” 1xz-[xde T 3

[
y
i

0

3
lxztan x} _[1 ad ~dx
2 b 01+ Xx

=—tan'1-0— {—InZ——Im}
2

=E—lln2
8 4
(x+3)? (x+3)? xX+3
3 dx= + dx;
()-[(x+1)3 2+ 17 I(x+1)2 "
xX+3 xX+3 1
j Sdx=—"—1|——dx
(x+1) x+1 Jx+1
(x +3)? (x+3)* x+3
dx= +Injx+1+c.
0J(x+1)3 Sl o e RALLA
T2

@1I= J e*cosxdx= [e“ sinx:|';/2 -2/ and
0

/2

J= J e**sinxdx= [—ez" cosx]::/Z +21
0

sol=e" -2/ and /=1 + 2I. Solving these equations for /

gives [ = %(e" -2).

CHAPTER 4

Properties of functions — page 25
(1) f(=x) = (=x) tan(-x) =
So f(x)=1F(—

A
N

D '

N

N '

N '

N '

N
N '
N
N
N

'
'
Nl
'
'
'
'
'
P
0
'
'
'
'

—x*(—tanx) = x*tanx

x) for all x, and so f is even.

N
N
N
N
N
N
N
A
\
A
A

s
N
—

.
, N
o AR

X
.

The other asymptotes are y = —x and x = -1

Asymptotes are y=-1 and x = 1.
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(4) The graph is not symmetrical about the y-axis (or £(x) = f(-x))
so it is not an even function.
The graph does not have half-turn rotational symmetry
(or f(x) # —=f(=x)) so it is not an odd function.
The function is neither even nor odd.

Critical points — page 29
1)@ fx) =535

2
+2-——— long di
Py using long division,
giving oblique asymptote: y=x + 2

and vertical asymptote: x = —1.

(b) f'(x)=1+( JZH)Z >0 forall x#-1, so the graph of
X

fis always increasing.

(c) Sketch of f given in diagram:

N ———————
N

| S

Vertical asymptote is x = — 2.
Horizontal asymptote is y=1.

dy 5
& (k2

so no stationary values.

d’y  -10

S 1A

so no points of inflexion.
y/

(03)

__________________________

—_
o
=
\.
o
S Sy
XN

The asymptotes are x = 1 and y = —2.
The domain must exclude x = 1.

NB. You are not required to obtain a formula for 77",
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Related graphs — page 30
(1) f(x)

x
1+ x°

(1+x%) - 247

Flx) = (1+ x%)

() X+y-z=6
2x-3y+2z=2
—Sx+2y-4z=1

1 1 116 1 1 - 6 1 1 - 6

2 -3 2{2=0 -5 4|-10=0 -5 41-10

—52—4107—93100_217

The graph of f(x) has stationary values at (1,7) and (-1,—3).

z=17+(ﬂj=—5
5

YA
1 1
(-1.2) (1.2) 5y-20=-10=y=-2
xX-2+5=6=x=3
> Special cases — page 35
-1 0 1 X
11301 1 1 301
M@3 a 11 0=0 a-3 -8/-3
. . 1 1 - .
Thus g has turning points (1,3) and (-1,) and a critical point 1111 0 0 -2|-2

(0, 0) (where its gradient is discontinuous).

Graphs of trigonometric functions — page 31

(1) (a) tan™' 2x has horizontal asymptotes at y = i%.

(b) Area
= j;lztan‘12x dx

- J'Ovz(tan‘1 2x)x1dx

r 12
= tan‘12xj1.dx—J 2 5 .xdx]
L 1+4x o

r . 1 8x 112

=| xtan 2x——J' > ax
i 47 1+ax* |,

2

=| xtan™'2x —%In(1 + 4x2)}

L 0

= ltan‘1 1 —lInZ] —[0-0]
2 4

=£—lln2
8 4

(0

(b) When a # 3, we can solve to give the unique solution

_1-2a
a-3

z=1 y= —5 ;X

X 73
When a = 3, the third equation gives z =1, but the second
equation gives z =2,

(c) Hence the equations are inconsistent when a = 3.

11211 1 1 21 1
@Q@l[2 a 150 =0 A-2 —35-2
3 395 0 0 3]2
z=% (A-2)y-2=-2 = y=0; x=1-0-%4=—1

3.
(b) When A =2, the second and third rows in the reduced

matrix are the same, one row is redundant, so there is an
infinite number of solutions.

(3) Solving gives x =2,y = 0.4.

Changing two of the coefficients in the original equation by
no more than 5% produces a change in x of 200% and a
change in y of 87%.

2 oo
[, fx)|dx=2] "tan" 2xdx

=E—1In2
4 2

CHAPTER 5

The equations are ill-conditioned.

CHAPTER 6

Basic matrix operations — page 39

(1) (@) A‘5’=[8 15]

Systems of linear equations and Gaussian elimination — page 33 12 3
2 -1 211 2 -1 211 2 211
| | | 4x+2 15
m1 1 212 =0 -3 613 =0 -3 -61-3 (b) 4C+D = 12 4y—1
1T -2 4;-1 0 3 -6, 3 0 0,0 y

Thus z=t y=1+2tand x = 1.
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(4x+2=8ss0x=3/2,4y-1=3soy=1.
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=(k-2)k+2-(0+1)

T 1 11 0 1 (200
2 = 2 2|= so k=2.
2 AB=|1 2 3|| 4 -2 -2|=|0 2 0 K2k +1= (k=1
1 -1 -1)\-3 2 1) (00 2
Hence the matrix does not have an inverse when k= 1.
2 ‘ 200 (2 2 2 0 4 2)(0 4 2) (2 -4 =2
AB=AAB)=|1 2 3|0 2 0|=|2 4 6] @a=l 1 0 1l 1 o 1l=l1 2 4
T -1 =100 2) (2 =2 2 122 3)(-1 =2 3) 1 2 5
t+4 3t -4 -
(3) (@) det _5(t+4)—9t =204t 2 4 -2 (04 2) 200
3 5 A+A=[-1 2 =1[+| 1 0 1]=|0 2 0|=2I,
1 2 5/ -1 -2 -3 1002

o] 5 -3t
T20-4¢|-3 t+4 s0 k=2.

(b) 20 - 4t=0= t=5 AN A+ A =AT@D =24

t+4 3) (6 3 A+1=2A"
(C)(3t sjz(e 5)

t=2 1
A'=1A+1ls0op=q=7.
Special matrices — page 43

Geometric transformations of the plane — page 45
(M (@ x==x2 .
12 (1) M. = cosy —sink) (0 -1 and M. 10
(b)Whenx:Z,A:[z 4] "lsint cosz) (1 0 2o 1
0Y0 -1 0 -1
e 1 2Y1 2 _ 5 10 _5A M2M1=( _1](1 0]:(4 0)
2 402 4 10 20

The transformation represented by M,M, is a reflection in the

o

At = (A = (5A)? =254 = 125A

line y = —x.
1 2 . . 1 3 -2
@ det(_x 3] =3+2x, so the inverse is 342x (x 1]- (2) The matrix [(2) (2)] gives an enlargement, scale factor 2.
Matrix singular when3+2x=0= x=-3. 1 ﬁ
X x x The matrix | 2 2 | gives a clockwise rotation of 60°
() (a AB=|-6 6 -1 B
00 8 2 2
(b) det A=3 about the origin.
det AB = 96x
det AB 1 ﬁ
detB = 2 2 (2 0
detA M= i 0 2
det B=32x 31
2 2
(4) (a) detA=41-2(1+3)=21-6,
, 4 2 LIRE
SOA ' =—— = .
2/1—6(—/1—3 /1) -v3 1
(b)21-6=0= 1 =3
CHAPTER 7
A A+3 -2 1
(c) A" = = = A=-2 .
2 4 2 4 Introducing complex numbers — page 47
(5) The determinant of the matrix must be zero: (1) 11 2+
z 2-1 2+i
1 1 0 i
PR S A T I 2+ 2 1,
— —1=1. -1 +
2 kTN ok > 50
1 2 & , , )
z°=4-4i-1=3-4i.
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Argand diagram.

Y

(2) Let z = x +iy so equation is x + iy + x*+ y* =7—i.

Equating real parts: x + x>+ y> =7.

Equating imaginary parts: y =—1

Substituting for  into first equation gives
x+x*+1=7
xX’+x-6=0

(x+3)(x-2)=0
which gives x =-3, x=2.

The solutions are 2—i and =3 —1.

(3) Either 2° = z2* = (2 + ai) 2 + ai)* = 2+ ai)(4 — 4a* + 4ai)

=8-6a’+(12a—-a%)i
or

22 =2+ ai)’ =22 +3(2%)ai +3(2)(ai)* + (ai)?
=8+12ai—6a*—a’i=8—6a*+(12a—a%)i
which is real when 12a—a° =0. As a > 0, solving gives

a=+12=23.
2| =|+iN12| =A+12 =4,

arg(2+ix/12) =tan™ [\/;—2] =tan"'/3 =%

Polar form and de Moivre's theorem — page 49

(1) (a) 2 = (cosO +ising)
=coskO+isinkod

o 1 B cosk @ —isink 0
cosk@+isink® (coskO+isinkB)(cosk 8 —isinkO)

_ cosk@—isink® cosk@—isinko

T coskO+sint ko 1 = cosk~isinko.

(b) From z“=cosk @ +isink® and z = cosk 6 — isink 6,

adding gives z* +z7% =2cosk 6, .coskO =%(z* +z7%)

Answers-36293_BRP_AHM_pp08-15.indd 8

subtracting gives z* — 2™ =2isink 6,

. 1 i
~sink@=—(zF-z7%). —(zF=z*
sin 2i(z z™) [or 2(z z )]

€0520sin*0 =%(z2 +27) (z-z7"

1
(20

(=)
=2+ | z——
8 z z
(c) Expanding this last expression gives
—%(z2 +727N22=2+27)
1

= _5(24 +1=222 =272 +1+27%)

= —%(z4 +27442-272-277)
1 1 1 1
=——(2c0s46+2—-4c0s20) =—c0520 ——c0s460 ——:
8 2 4 4

—_1 1 —_1
s0oa=—7, b=1, c=—1.

(2) (@) z* =(cosO +isin@)*
= cos* 0 +4cos® 0(isinB) + 6cos? B(i* sin* 6)
+4cosO(sin*0)+i*sin* 0
=cos* 0 + 4icos’ Bsinf — 6¢cos> Hsin* O
—4jcosOsin’ 6 +sin* 6
= (cos* 0 —6cos” Osin” 6 +sin* 0)
+ i(4cos’ Osin@ —4cosOsin’ 6)

(b) (cosO + isinB)* = cos46 +isin40

(c) Equating the real parts from (a) and (b):
c0s46 = cos* 0 —6cos’ Osin’ 6 +sin* 6

cos460
c0s’6

=c0s*0 —6sin’ 0 +sin’ Gsec’ O

=c0s” 0 —6(1—cos’ 0) +(1—cos® 6)* sec* O
=7c0s’0 —6+(1—2cos* 0+ cos* B)sec’ 6
=7c0s*0 —6+(sec’ 0 —2 +cos* )
=8cos’0 +sec’0 -8

p=8 g=1r=-8

(3) 2= r* (cos 30 + i sin 36)

( m . ZRT ..

OS—+1iSin— | =cos 2w+ isin2x
3 3

a=1,b=0

Method 1

r?(cos 30+ isin30)=8
r’Pcos30=8and r’sin30=0

5/9/2011 4:48:24 PM
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=r=2;30=0,2rm 4rx

Roots are 2, 2 cosz—n+isin2—n , 2 cos4—ﬂ+isin4—1t .
3 3 3 3
In Cartesian form: 2, (=1+i+/3), (=1 — i/3)

Method 2
22-8=0
(z-2)(Z2+22z+4)=0
(2=2((z+ 12+ 3P =0
so the roots are: 2, (=1 + iv/3), (=1 — ix/3)

Polynomial equations — page 50
M 22 (z+3)=(1+4i = 4)(1+2i+3)
=(-3+4i)(4+2i)

-20+10i-

22 +322=52+25=27*(z+3)-52+25
=-20+10i-5-10i+25=0

Another root is the conjugate of z i.e. 1 — 2.

The corresponding quadratic factor is (z—1)* +4=2> -2z +5.

22 +322=52+425=(22=2z+5)(z +5)

so the third root is z= 5.

(2) Since 3 — i is aroot, so is 3 + i.
(z-B=-Nz-(B+1)=(z-3+i)(z-3-1)
=(z=3)+1
=22-62z+10

Hence 2> —6z+10 is a factor of 22° = 1122 +14z +10.

By inspection or long division
222 - 112 +142+10=(2* =62 +10)(2z +1), so the roots are

346, 3-i, —1.

() i* +43+3i +4i+2=1-4i—-3+4i+2=0.
Since i is a root, —i must also be a root.
So, (z—i)(z+1i)=2z*+11is a factor.
Z* +42° +32° +42+2=(2 +1)(2* + 4z +2) by inspection
or long division.
Solving 22 +4z+2=0 gives z=—2%+/2.
The roots are i, —i, —2++/2, —2—+/2.

(4) Because /— 1 is a root, so is —i —1, and
(z=i+Wz+i+N)=22+22+2is a factor of f(2).
Dividing z* — 2> —=52* —82z -2 by 2’ +27 +2 gives

28— 72572 —87-2=(2"+2z+2)(z* =3z -1), so other roots
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given by z* —3z—1=0 This is solved by the quadratic formula.

The roots are —i—1, i—1, 3+32

Geometric figures in the complex plane — page 51
(1) Let z=x+1iy.

z+i=x+iy+i=x+(+y)

50, |z +i|=x*+(1+y)
hence x* + (1+ y)’ =4
which is a circle, centre (0, —1), radius 2.

|z +i] < 2 consists of the circle and all points inside it.

CHAPTER 8

Arithmetic sequences — page 53

(1) Let the first term be a and the common difference be d-

a=3and u,=a+9d=3+9d=-15=d =-2.

Sy = g(Za +(n—1)d) = ?{2 x 3+ 99 x (~2) }= —9600.
or

Sio0 :an+g(n—1)d=300+50><99><—2:—9600

n

2) d(6+2r)=

r=1

6+2) r
r=1 r=1
= 6n+2Bn(n+1)} =Tn+n*

3zk:(6+2r) =7(3k)+(3k)* =21k +9k>.

r=1

3k 3k k

Y 6+2)=(6+2r)- Y (6+2r)

r=k+1 r=1 r=1
=21k +9k* - 7k — K
=14k + 8k*

B u=5=8-1=7

u,=5,-5=12-7=5

u;=S,-5,=15-12=3
The sequence is arithmetic, with a= 7 and d' = -2.
The nthterm u, =a+(n—"0d =7+(n-"1)(-2)=9-2n.
Geometric sequences — page 55

(1) If the first term is a and the common ratio is r then

2
ar=-2, ar’=-=

a’ -5 1

a -2 9

.'.r2:1:>r:il-
9 3
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As both satisfy |r| <1, each gives a sum to infinity. = p?=2= p=+2since p> 0.
pr=64=25= (\/E”)n

r=1 gives @ =—6 and sum to infinity _61 =-9.
3 -3 n=12
r _] gives @ = 6 and sum to infinity 6 =§=g.
-(-3) § 2 Maclaurin series — page 58
3 x5
x(x+17? (1)sinx:x—§+;—----
C(x=2? (x4 )
Q6= =) IR SO S
(x-2) 6 120
nt so, replacing x by 3x,
u,=ar
3x 23 27x°  243x°
:x(x+1)n SIN>Xx = X—T W—
(x=2)" 9x° 81x°
: BRI TR
052! o
(1+ x)sin3x=(1+ x) 3x—i r o
n 2 40
(x+1) (x+1) — 3 5 4
(x-2)" PO L L SR
= 2 40
(x—2)(x+;—1) 9 g
x= =3x+3x’ Xt —x+
2 40
L (x+1) B
(x=2)"
(2) Let f(x) =In(3—x): £(0) = In3;
(c) For a sum to infinity, -1 < r<1,i.e. r* <1
, 1 , 1
@ : )= FO)=—;
(x+1) 3-x 3
(x—2)2<1 1 1
f”(X)z_ﬁ' f"(0)=—§
X2+2x+1<x¥-4x+4 - , ,
x 1x X X
Sof(x)=In3—-=—-——+...=IN3-=-"—+
6x<3 ) 3 29 3 18
le X< XIB-x)=x’IN3 -+
2 18
a +1 Xt
527:x(x—))c+1 and X2InG3+x)=x2n3+ - 4.
r (x—Z)(1——J 3 18
x-2 x*
x*In(9-x?)=x*In3—x)+ x*In(3+ x) =2x*IN3 ==+ ..
—x(x+1) 9
3
k_ 24 8x+11 A B C
o _ 1 k_P(P 1) X tox _
Cla=p' =S =p+p+-+p = p—1 ( (x+Dx+3?7 x+1 x+3 (x+3)7
_plp"-1) X +8x+1=Ax+3)+B(x+D(x+3)+C(x+1)
p-1 x=—lgives4 =44 A=1;
"= x=-3gives -4=-2C, C=2;
n p_1
x=-2gives—-1=A-B-C, —-1=1-B+2, B=0;
(P 1) 65p(p" 1)
7o 1 P ,0_1 or equating the coefficient of x? on both sides:
P P 1=A+850B=0.
(p"+ 1) (p"=1) =65(p" - 1) ¥)= X +8x+11 1 + 2 f(O)—ﬂ
p+1=65 T (D432 x+1 (x+3)7" 9
=p'=64 , 1 4 s =31
flx)=——F-——=: f(0)=—
a=p*=a=phbuta,=2psop’ =2p (417 (x+3) 27
10
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” 2 12 ” 58
f(x)= 3+ T ( =—.
(x+1® (x+3) 27
2
9 27 2712 9 27 27

The series for —— converges for |x|< 1.
T+x

1
1
shows that the series for ——

- 1 1 X\
Writing ———(1 +—) 371

x+3 3 3

converges for |x| < 3.
For both terms to converge, we need |x| < 1.

x X Xt

@ e' =1+x+—+"+—+--
20 314l
4
e =1r i+
2!

XX X, 5 XX
=T+ x+—+—+—+xX+ X+
2 6 24 22

3, 75 25
=T+x+-x +-x"+—x
2 6 24

Foeen

Iterative schemes - page 59

(1) Let the fixed point be L, then
L=In(1+1e')

=e' =1+1e"
Soet=2 = [=In2.

(2) If A is a fixed point, then
A =l{/l +1}
2 A

2)L=/l+1
A

7
a=L
A
A2 =7.
The fixed points are /7 and —/7.

CHAPTER 9

Basic skills information — page 61

A BRI P
Mvxw=[2 -1 2/=i - k2
10 2 0 2 -1 2 -1 0
- 2i-6j—k

@ +j-K.(-2i - 6j— k) =1(=2) + 1(-6) + (=1)(-1) = -7.

Answers-36293_BRP_AHM_pp08-15.indd 11

Equations of lines — page 63

(1) (a) Parametric equations for the lines are:
L: x=-3-2s, y=1+5, z=5+3s
Ly x=1+t, y=1-t, z=3-t

Equating the corresponding x and y coordinates and
solving for s and ¢ gives

x:=3-2s=1+t, y:1+s=1-t, = s=—-4,t=4

For L, this gives z= -7, and for L, z= —1. Hence the lines
do not intersect.

(b) A vector perpendicular to the directions of £, and L, is given

i j ok
byl-2 1 3=2i+j+k
1T -1 -

so L, has parametric equations x = ~1+2s, y=s, z=2+s.

(c) The lines £, and L, intersect if the equations
—1+2s=1+t, s=1-t, 2+ s=3—t have a unique solution.

Solving the first two equations gives s =1, t= 0, and these
satisfy the third equation also, so the lines intersect. Qs the
point (1, 1,3) (t=0for L, or s=1 for L))

(d) P(1,0,2): for L, x =—-3—2s, setting x = —1, gives
-1=-3-2s=s5=-1,
y=1+5=y=0,2=5+35= z=2 which shows
that P lies on L,.

Plies on L, Qlies on L, and the line PQis perpendicular
to both lines.

Intersections of lines and planes — page 67

(1) (a) A normal vector to the plane is given by the direction vector
of theline:n=1i+2j+ k

1 2 1 2
n=|\2|, u=| 1|, nu=|2 11=2+2-1=3
-1 1)1

An equation for the plane is x + 2y + z= 3.
or

An equation for the plane is 1.(x = 2) + 2.(y = 1) + 1.(z+ 1)
=0,iex+2y+2z=3.

Parametric equations for Lare: x=21-3, y =24, z=1+12
(b) The plane and L meet when
(A-3)+2(2A)+(A+12)=3 = 6A+9=3 = A=-1.
Setting A = —1in the parametric equations for L gives
B(-4,-2.11).
(QAB*=Q2+47 +(1+ 2 +(1+ 11> =189,

s0 AB=+/189 =3+/21.

This gives the shortest distance from A to L because Bis the
foot of the perpendicular from 4 onto L.
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Angles between lines and planes — page 71

(1) (@) Interchange the first two equations:

1.2 113
2 -1 148
-1 3 21
12 113
0 -5 112 -2
0 5 3|4 n+r,
12 113
0 5 112
0 0 2] 6#hK+H

Solving gives z=3, y =-1, x=2.

(b) Setting y =
2x+t+z=8, x-2t+z=3.

—t in the two equations gives

2x+z=8-t
xX+z=3+2t

x=5-3t, z=5t-2

Thus, x=5-3t, y=-t, z=5t-2.
(c) We need the acute angle between the line and the plane.
-3
Firstly, we find the acute angle between d=| —1|, the

@ 5
-1

3 |, the normal vector

2

direction vector of the line, and n=

to the plane.

d.n=(=3)(=1) + (-13+(5)(2) =10, |d| = /35, |n| = J/14.

10
€050 = ———, giving @ =63-1° to three significant
V35414 gving g

figures.

Thus the angle between the line and the plane is
90°—63-1°=26-9°

() () AB=2i-k AC=i-j-3k

i j k
ABxAC=2 0 -1
1 -1 -3
=-i+5j-2k

Equation of x, is of the form —x + 5y — 2z =d
(1,1,0)ison 7, so setting x = y =1, z = 0 gives d = 4.
An equation for rr,is —x + 5y — 2z = 4.

(b) Normals for 7, and 7, are —i + 5j— 2k and i + 2j + k.

The angle between the planes is the angle between their
normals, given by

(T )5

=58.6°.

Answers-36293_BRP_AHM_pp08-15.indd 12

3)@2x+y=3
(b)a=3,b=7
x=0+2t;y=3-4t,z=7-10¢t
a.b|_ 5
Jallel]

.

hence 6~ 47.6°

CHAPTER 10

First-order equations — page 75

(c) cos® =

dy 2
xe*
M % dx xy
f ; ] I%de ~2Inx nx? - 1
integrating factoris e’ * =™ =™ = x?2 = -
1 dy 2 2x
T w07

y 2x
== =|e*dx
X j
:Lzzle“+c
x° 2
soy= ; 2™ + o

2

y(1)=0gives0=1e’+c,soc=—1e

and y = %xze” —%ezx2 =y= %xz (e” —ez).

(2) (@) G=25(1 - e7125)
(b) k=~ 0-132
(c) When =10, G~ 1-09, the claim appears to be justified.
(d)

d) As t— o, G — 25k ~ 3-3 metres, so limit is 3-3 metres.

Integrating factor is

exp(]?dxj = exp(—3|n .x) = EXP('n(Xd)) = x73

1dy 3 d yj
y = a’xtx3

50 La =x+C = y=x"+C’ where Cis an arbitrary
X

constant.
The general solution is y = x* + Cx’.

y =2 when x =1 gives C=1.

The particular solution is y = x* + x°.
(b) yﬂ =x*+3x
dx

S0 jydy=J(x4 +3x) dx
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2 5 2
%:%+%+D where D is an arbitrary constant.

y=2 when x =1 gives 2=1+§+D = D=i
5 2 10

. Lo 2
Hence the particular solution is y = /gxs +3x +% .

Second-order equations with constant coefficients —
page 79

(1) The auxiliary equation is
m+6m+9=0
(m+3) =0

The general solution is y = (A+ Bx)e™;

giving repeated root m=-3.

¥y =2 whenx =0gives A=2.

& _ —3(2 + Bx)e™ + Be™¥,

y=Q2+Bx)e? =
dx
dy .
s0 —— = —3 when x = 0 gives B = 3.
dx

The solution is y =(2+3x)e™".

(2) Auxiliary equation is m* +4m -5=0 = (m —1)(m+5)=0.
Roots are m= 1, m = —5; complementary function:
y=Ae*+Be™".

For a particular solution try y = Ce®* + D;
d) d’
d%/c: 2", dx};

Substituting into the full equation gives

4Ce™ +8Ce™ —5Ce* —~5D =7 +10

i.e. 7Ce** — 5D = 7e** + 10; equating coefficients gives C =1
and D=-2.

=4Ce*",

The general solution of the full equation is

y=Ae*+Be > +e* -2

y(0) =1gives A+ B=2; y’(0)=10 gives A—58=8.

Solving gives A=3, B=-1.

and the particular solution is y = 3e* —e®* + @>* - 2.
(3) Auxiliary equation is

m+4m+8=0 = (Mm+2\’+4=0 = m=-2+2i

The complementary function is y =e™*(Acos2x+ Bsin2x).

For a particular solution try y = Cx* + Dx+E;
y'=2Cx+D, y”"=2C,

Substituting into the full equation:
2C+4Q2Cx+D)+8(Cx* + Dx+ E)=8x*+16x+6
i.e. 8Cx* +(8C+8D)x+2C +4D+8F =8x" +16x+6.

Equating coefficients gives C=1, 8+8D =16, 6+8£ =6,
soC=1,D=1E=0.

The general solution of the full equation is

y =e?*(Acos2x+ Bsin2x)+ x* + x.

(4) Aucxiliary equation is
m+2m+5=0 = (m+1’+4=0 = m=-1%2i.
The general solution is y = e™*(Acos2x + Bsin2x).

y=1when x=0gives 4 =1;
y =2 when x:% gives 2=e " (0+B8)= B=2e"".

l4

The solution is y = e™*(cos2x+2e™*sin2x).

CHAPTER 11

Numbers and direct proof — page 81
1

(1) LH.S =—
Cos™ x

_sin’x+cos’x
cos’x

sin’x  cos’x
= +

cos’x  cos’x
=tan’x+1
=R.H.S asrequired
or
RH.S=1+tan’x

sin“x
=1+

cos’x

_cos’x  sin’x

" cosx  cosix
_C0s’x + sin'x
T cosix

1

" cos’x

=sec’x
=LH.S asrequired

Proof by contradiction — page 83

(1) Let x be irrational, and assume that 1 is rational.
X

Then 1 B, where p and g are integers.
X q

4

1 . -
But —=—= ng, which means that x is rational.
X p

This contradicts the original assumption, therefore

N . .
X irrational = — is irrational.
X

Further proofs — page 85
(1) A. Let p=2m, (even)
g=2n+1, (odd)
s0 p*+q* =(2m) +(2n+1 =8m’ +4n* +4n+1
=2(4m*+2n* +2n)+1.

This is odd, being of the form 2k + 1, where ks an integer,
so Alis true.

B. The counter example m = 3 shows that B is false.

m* is divisible by 9, but m is not divisible by 9
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@)
‘If' part:

100a +10b+c=99a+9 +a+b+c¢soifa+b+c=9k

where k is an integer, 100a + 10b + ¢ = 99a + 9b + 9k,
which is divisible by 9.

‘Only if" part:

if 100a + 106 + ¢ = 9m, where m is an integer,
then 100a + 106 + ¢ =99a + 9b + a + b + ¢ gives
9m =99 +9b+a+b+candso
a+b+c=9m-99a - 9b is divisible by 9.

(3) Statement A is true: p(n) =
must be even.

n(n +1) and one of n and n +1

Statement B is false: a counterexample is n=1,
p()=P+1=2.

Proofs by induction — page 87

(1) Prove by induction that 2(6r2 +4r)=n(n+1(2n+3).
r=1
When n=1
LH.S: 6(1)* +4(1) =10, RH.S: 1x2x5=10

so result true for n=1.

Assume that for some positive integer k
k
N (6r* +4r) =k(k +1)(2k +3).

Then i(sﬂ +4r)= ﬁ(srz +4r)+[6(k+17 +4(k+1)]

r=1 r=1

=k(k+0(2k +3)+6(k +1)* + 4k +1)
=(k + N)[k(2k +3)+6(k + 1)+ 4]
= (k + [ 2k* + 9% +10]

=(k+1)(k +2)(2k +5)
K+D(k+1D+D2k+1)+3)

which is the result for k with k replaced by &+ 1.
So if true for n =k, then true for n= k +1. But true for n=1,
then by induction, true for all integers n>1.
(2) Prove by induction on n that for x > 0
(1+x) =21+ n)c+%n(n—1))c2
for all positive integers n.
When n=1
LHS: (14 x) = (1+ x), RHS: 1+ x +%1 (-t =1+x
LH.S > R.H.S, so true for n=1.
Assume that for some positive integer k:
(14 ) 2 14 ket k(o=
Then
(+x)" =+ x)1+x) 21+ x)(1+ kx+ 1k (k= 1)x*)
because 1+ x > 0.

So (1+x)™" > (1+ x)(1+ kx+ 3k (k - 1)x2)

Answers-36293_BRP_AHM_pp08-15.indd 14

=T+kx+1k(k =12+ x+ k7 + 1k (k- 1)X°

=1+ (k+ Dx+[1k(k = 1)+ k] + Tk (k - 1)x°

214 (k+1)x + [ 1k (k = 1)+ k |x" since

k=1landx>0 = 1k(k-1)x’ 20

=1+ (k + Nx + 1(k + kx?,

which is the result for k with k replaced by & + 1. So if true for

k, then true for k + 1. But true for n =1, hence by induction
true for all integers n>1.

B3)(AB) =874 1]

When n=1
LH.S: (A1 )71 =A" RH.S: (A“)1 =A™, so the result is true
forn=1.[2]
Assume that for some integer &, (A" )71 = (A”)k 3]
and consider (4! )4.
Ak+1 — A/(A1
(Ak” )*1 _ (AkA1 )*1
- (,41)71 (Ak )71 from [1]
=A" (A")k from [2] and [3]
_ (/4_1 )k+1
or

[AF" = AB, where B = A,

so (A*") ' =(AB) ' =B'A" = (A")'A”
By hypothesis, (4°)"=(47), so
(Ak+1)—1 — (Ak )71A—1 — (A71)kA71 — (A71)k+1 ]

This proves that the inverse of A**'is (A7),

So true for n= kimplies true for n= k + 1, and because the
result holds for n= 1, the result, by induction, is true for all
integers n>1.

d
4) —(xe
@ dx(x
LHS: 1.e* + xe*, RHS:(x + 1)e*

hence the result holds for n = 1.

N=1.e*+ xe*=(x+1e"

Assume that, for some positive integer &,

k
W(xex): (x+k)e*

Then & (ve*) = d(dk(xe‘)] ~ 9 ((x+ ke by

dxt™ dx | dx* dx
above assumption.

9 (k) =

i (x+(k+1)e*

e +(x+k)et=

So, if the result is true for n = k; it is true for n= k + 1. But the
result is true for n= 1, hence true for all integers n = 1.

Euclidean algorithm — page 89
(1) 29400 = 4 x 6860 + 1960
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6860 = 3 x 1960 + 980 or
1960 =2x980 +0 %:43+%, 251—26=8+§+512, 251—36=1+§+5%+513.
Hence the gcd of 29400 and 6860 is 980.
_ _3 2 _
980 = 6860 — 3 x 1960 Hence 426, =216,, =5 +3.5" + 3.5+ 1=1331,.
= 6860 — 3(29400 — 4 x 6860) () 231=13x17+10
=13 % 6860 — 3 % 29400 17=1x10+7
. 10=1x7+3
ie.a=-3 b=13
7=2x3+1.
() 426, =4x7" +2x7+6x7° Hence (231, 17) = 1.
=196+ 14+6 =7 7%3
=216,
216 = 1% 125 + 91 =7-2(10-7)=3x7-2x%10
91=3%x25+16 =3><(17—10)—2><10=3X17—5><10
16=3x5+1 =3x17-5(231 -13 x17)
1=1x1 =68x17 —5x231
Hence 426, =216,, =1331; So,x = —5and y = 68.
15
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